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Abstract

1
(L9729, | [) provides a flexible method for measuring the deviation of any probability

distribution from a given distribution, thus effectively giving the upper bound of the approx-
imation error which can be represented as the expectation of a Stein’s operator. [Losking
(|:|, |:|) proposes the concept of L-moment which better summarizes the characteristics
of a distribution than conventional moments (C-moments). The purpose of the paper is to
propose new tests for conditional parametric distribution functions with weakly dependent
and strictly stationary data generating processes (DGP) by constructing a set of the Stein
equations as the L-statistics of conceptual ordered sub-samples drawn from the population
sample of distribution; hereafter are referred to as the L-moment (GMLM) tests. The lim-
iting distributions of our tests are nonstandard, depending on test criterion functions used
in conditional L-statistics restrictions; the covariance kernel in the tests reflects parametric
dependence specification. The GMLM tests can resolve the choice of orthogonal polynomials

remaining as an identification issue in the GMM tests using the Stein approximation ([Bou]

|, POO, | |) because L-moments are simply the expectations of quantiles

which can be linearly combined in order to characterize a distribution function. Thus, our test
statistics can be represented as functions of the quantiles of the conditional distribution under
the null hypothesis. In the broad context of goodness-of-fit tests based on order statistics,
the methodologies developed in the paper differ from existing methods such as tests based on
the (weighed) distance between empirical distribution and a parametric distribution under the
null or the tests based on likelihood ratio of [Zliaig (R00]) in two respects: 1) our tests are
motivated by the L-moment theory and Stein’s method; 2) offer more flexibility because we
can select an optimal number of L-moments so that the sample size necessary for a test to
attain a given level of power is minimal. Finally, we provide some Monte-Carlo simulations for
IID data to examine the size, the power and the robustness of the GMLM test and compare

with both existing moment-based tests and tests based on order statistics.



1 Introduction

Over recent years, there have been big advances in goodness-of-fit testing which can be classified

into three groups:

1. tests based on empirical distribution function such as the Cramér-von Mises test, the Watson

test, and the Anderson-Darling test (see e.g. | | (] | ])) or tests based on the

likelihood ratio ([Tiangd, PO07)

2. tests based on moments such as the Meddahi & Bomtemps (MB) test and the Kiefer & Salmon
(KS) test

3. tests based on kernel density, e.g. [ZLicig (E000).

However, none of those tests are consistent against all types of alternatives to the null and not
robust against outliers in a small sample.

This paper proposes an alternative approach to test for conditional distribution assumptions in
dependent data by making use of L-moment theory and Stein’s equation. Our simulations suggest
that the GMLM tests can potentially avoid the above-mentioned problems of conventional goodness-
of-fit tests by using a bootstrap procedure to estimate the covariance matrix of L-statistics.

The econometric literature on testing for valid conditional distributional assumptions for time-

series data has received much recent interest. (See e.g. [Ba] E00; | | E00G; [

[ | PO0T; | | E007.) The influential work was done by | | (T907) who proposes a

conditional Kolmogorov test of model specification for a class of parametric nonlinear regression
models by using a sample of independent data pairs. The test is shown to be consistent against all
possible misspecification of distributions. However, the asymptotic distributions are not free from

nuisance parameters, thus a parametric bootstrap procedure is used to obtain critical values for

the test. Bal] (E00]); | | (R00]) make an important attempt to remove parameter uncer-

tainty in the conditional Kolmogorov test by applying the probability integral transform to show

that Fy(y:|Fi—1,0) are IID uniform random variable on [0, 1] and the martingale transformation



of | | ]) to transform empirical processes into martingales which then converge to the

Brownian motions by the FCLT for martingales. As a result, Bai’s tests have the Brownian motion

limit. [Zhiend (P000) and | | (T999) provide nonparametric tests of conditional

ditributions by using the distances (e.g. Kullback-Leibler information criterion) between nonpara-
metric estimators of distributions and the hypothesized distribution to construct valid moment
conditions; then the method of consistent conditional moment test proposed by Bicrend ([090) is
extended to obtain efficient tests.

All of the above-mentioned methods rely on the topological distance between empirical /nonparametric

estimates of distributions and the true distributions. | | (] |, | |) pursues

a different approach by using the Stein equation (| [, 1974, ] |) to construct moment conditions

in their GMM tests. In these papers, they use the result proved by Stein: A random variable X

has a standard normal distribution if and only if for any differential function f,

/

E[f (X) = X f(X)] = 0. (1.1)

[ | |) asserts that orthogonal polynomials can be used for f in the moment

conditions ([[.T) because any function f in the Hilbert space can be approximated by a linear

combination of orthogonal polynomials. The heuristic argument behind this approach is: Supposing

that the Carleman criterion (| |, [997, pp. 303) the standard normal is completely

characterized by its moments; thus there always exist ways to yield linear combinations of moments
which are equal to zero, plausible choices for the functions f are polynomials of {X, X2 ... XV}
in the Span{X, X?,--- , XN} as N is sufficiently large so that the moment conditions as defined in

(1)) can completely characterize the standard normal (in this case f (X)— X f(X) = H(X), where

H(X) is a Hermite polynomial.) Moreover, | | (F007)) shows that the problem

of parameter uncertainty can be dealt with by adding a moment condition into the GMM setting.
L-moments provide a promising alternative to summarize the shape of a distribution. [[Tosking

([990, [©97) has shown that L-moments have good properties as measures of distributional shape



and useful for fitting distribution to data. Since the essential advantages of L-moments are 1)

being more robust to the presence of outliers in the data 2) being less subject to bias in estimation

and approximating their asymptotic values more closely in finite samples (| |

[Vasar], [077); thus L-moments are useful in formulating goodness-of-fit test statistics.
The formulation of the GMLM tests follows two steps: First we assume strict stationarity

for our DGP, then construct a set of moment conditions Ep,  [Af(X)|Z] = 0, where A is the
(Nx1)

Stein operator and f'(X) = {f1(X), -, fr(X), -, fn(X)} with f,(X) is the linear function of
order statistics {Xy.,., -+, X} for a given Z in Ep_g [ﬁ(X)] = Ar, (Ar is r-th L-moment); Pog
is the probability distribution of the order statistics. Second, we construct different test statistics
associated with different criterion functions g(Z): If g(Z) is an exponential function, the test
statistic is the classical GMM test and the limiting distribution is x? with a covariance kernel
dependent on serial dependence structure; if g(Z) is an indicator function, the test statistics are
nonstandard and the limiting distributions are mixed normal.

Although the theory developed in the paper generally holds for any strictly stationary DGP
with a certain mixing level, we implement Monte Carlo simulations only for the /1D cases because
computing the estimate of the covariance matrix for serially dependent data is potentially time-
consuming. Designing an efficient computation algorithm to do this could be a topic for future
research. However, we think that this is sufficient to justify our purpose of constructing test statistics
which are more robust against outliers and subject to less biases in a small sample. Simulation
results suggest that our tests have reasonably good power and are robust against big outliers in
rather small samples.

The remainder of the paper is organized as follows; in Section 2 we bring together derivations of
L-moment conditions and formulation of the GMLM statistics. In Section 3, we discuss the limiting
distribution of test statistics and the issues of choosing optimal number of L-moments. Some Monte

Carlo simulations results are provided in Section 4.



2 Test Functions as Linear Combinations of Order Statistics

2.1 Stein’s Equation

Let M(f) denotes a set of continuous or piecewise continuously differentiable test functions f(e)

such that Ep,[|f (e)]] < oco. | | ([977, [O20) shows that for any real function h(e), there exist a

function f € M(f) and the following relation holds

WX) = Ep, [W(X)] = Af(X), (2.1)

where A is the Stein operator for the probability distribution Py-this can be constructed, e.g.

Barbour’s generator approach (| |, P00T). Lemma [I] below states the functional
form of A for the conditional distribution of the random variable X for a given random event Z,
namely po(X|Z).

We first make some assumptions.

Assumption 1.

sup [ sup [F(Om(X1Z2)A02) < .
Uzy(7)

XEUXO((S) GGUQ(G)

0

sup sup ﬁ{f(X)pe(Xw)} A(dZ) < oo,
X*€Uxy (8) J U, (7) 0€Us(€) X—x*
and there exists a constant M such that
A X X|\Z A X X|Z
ap [ wp SO, MUY i <.
X€Uxy (6) J Uz, (v) h€Uo(n) h h

where Ux (€) is a neighborhood of X ; €, § and n are arbitrarily small generic constants. Ap{ f(X)pe(X|Z)} =
f(X +h)pe(X + h|Z) — f(X)pe(X|Z).

Assumption 2. limx_s0, f(X)pe(X|Z) =0 for all Z € Q.

Lemma 1. Let X and Z denote random variables in the compact and separable spaces (Q2x, Fx,P)



and (Qz, Fz, \) with bounded supports supp(X) and supp(Z) respectively; the parameter vector 6
belongs to a bounded set O.

Supposing that the functions f(X) € M(f) and po(X|Z) belongs to the exponential family.
Moreover, po(X|Z) is measurable with respect to (X, Z) and satisfies Assumptions[] and [J, then

X ~ po(X|Z) is equivalent to

Epyx12)[Af(X)] =0, V f € M(f), (2.2)

where A = 3% + 2 log pg(X|2).

Let p3(X|Z) denotes a conjugate probability distribution of pg(X|Z) such that

= ro(X|2),

where ko(X|Z) is a polynomial of X. Then, we have

Epxip A f(X)] =0, V f e M(f), (2.3)

where A* = 8X + aX log p3(X1|2).

Proof. In the first part, we show that X ~ pg-(X|Z) implies that £, . x|z)[Af(X)] = 0. Eci] ((072)
asserts that for a given measurable continuous or piecewise continuous function h(X) : Qx = R,

we obtain

Ep2) [ Epo(x12) [MX)]] = Ep2) [ Epge (x12)[1(X)]] = Epyix.2)[Af(X)],

for a function f € M(f). Thus py(X|Z) = pp-(X|Z) implies that E,,x z)[Af(X)] = 0. On the
2F

other hand, since p

av Epo(x,2)[f (X)] = 0 we have

0

ax Pz Epyxiz) [F(X)]], (2.4)

Exaz)[Epy(x12) A (X)]] =



where A can be found by the derivative in the RHS of (£3), i.e.

0

B S 0)= g [ { / -, f(X)pg(X]Z)dX} \dZ). (2.5)

By virtue of the compactness and the separateness of the sample spaces (2x, 27 with bounded sup-
ports, and the boundedness of the parameter space ©, let {UXJ,,(é) c =1, Jx}, {UZJ,_(’y) e
1,---,Jz}, and {Uo.(n) : j=1,---,Jo} be finite covers of the bounded subsets A € Qx, B € Q,

and © € © so that A C Ugjl Ux-(8), B € U;Jzzl Uz(7), and © C U?gl Up-(7) respectively. In view

of Assumption [] we can easily show that

s [ (OpXIZINGZ) < s s ST s XOm(XZ)A@)

XeA USC] 1<G<JTx XGUXJ,_(5) -1 - ) 1<5<Je GEUgj(n)

< o0

0
Sup /Sup ’a_X{f(X)pe()QZ)} A(dZ)
X*€AJB 0€o Nex*
Jz
0
< 'sup sup Z/ sup  sup a_X{f<X)p9(X|Z)} AdZ)
1<G<T x XeUX0) 52 JUz-(7) 1<j<Te 0€Up(n) Xex~
< 0
A X)pe(X|Z A X)pe(X|Z
Sup/ Sup n{f (X)po(X| )}1{2: n{f (X)po(X| >}>M})\(dZ)
X€A JB hely(n) h h
Jz
A X)po(X|Z
S sup sup / sup sup sup h{f( )pa( ‘ )}
1<G<Tx X€Ux;(8) 52 J Uz (v) 1< < T 0€Uas(n) heUo(n) h
A {f(X)pe(X|Z _
1{2: At );L’@( | )}>M})\(dZ)§J@e,

where Jge can be made small by making the generic constant M large enough. Therefore, an
application of Theorem A.7 in [Dudley] (L9979, pp. 391) enables us to take derivatives inside the first

integral in (7). In view of Assumption [] and the integration by part formula, it is straightforward



to obtain Af = & f(X) + 2 log ps(X|2).
To complete the proof, we need to show that E,, x|z [Af(X)] =0,V f € M(f) implies X ~
po(X|Z). Supposing that ps(X|Z) is a probability density in the exponential family ([chinan,

P00, pp. 56) as given by

po(X|Z) = C(h) exp {Z Q;(0T;(X, Z)} 0(X), (2.6)

J=1

where T;(X, Z) are polynomials and ¢(X) are polynomials which are nonnegative on the support
of X. Particular cases of (P.4) are the distribution of a sample from a binomial, Poisson, or
normal distribution. Now, by letting f(X) be a polynomial (or its Ly-approximation by orthogonal

polynomials) we can show that Af = f'(X) + flog ps(X|Z) is the fraction of polynomials, say

> ic0 9i(Z,Q1(0), - - ,QK(Q))Xm—i.

Af(X) = 0X)

(2.7)

Therefore, the function h(X) in the Stein equation h(X)—E

Po*

x12)[h(X)] = Af(X) is a polynomial
such that h(X)¢(X) has the highest order m; and the coefficients of h(X)¢(X) can be found by

matching with those in the numerator of (7). Since E,,(x|z)[Af(X)] = 0 implies that

Epy(x12) [h(X)] = Epye(x12) [h(X)]. (2.8)

Supposing that the moments of the distribution (P-f) satisfy the Carleman condition in (CLow and
[ic], [077, pp. 303), the conditional density ps(X|Z) is fully characterized by its moments.
Hence, Equation (R.§) implies that py(X|Z) = pe-(X|2), ¥V f € M(f). Thus X ~ py(X|Z).
Equation (P.4) follows.
Since kg(X|Z) is a polynomial and py(X|Z) belongs to the exponential family, p;(X|Z) also

belongs to the exponential family. Equation (R.3) follows. O



2.2 L-moments and Stein’s Equation

A probability distribution is conventionally summarized by its moments or cumulants. The sample

estimators of moments are shown to suffer from biases due to the presence of outliers in the data or

even the small size of samples. | | (T007], [077) proposed a robust approach based on quantiles

which are called L-moments. Instead of using the expectations of polynomials of a random variable
X to summarize a distribution, Hosking’s approach utilizes linear combinations of the expectations
of the order statistics Xi., < Xo., < --- < X,.,. for 1 <r < oo which are constructed from random

samples drawn from the distribution of X. Define the L-moments of X as

A = Eyos[\]
— r—1
= r! (_1)k< B >Ep(eors)k' [X], (2.9)
k=0 o

where Xr = pr1 ZZ;B(—l)k(T?)XT,k:T and ]P’((ﬁ“i)k:r is the probability distribution of the order
statistics X, _p.,.

Moreover, if X; is non-IID, for instance X, has the DGP:

Xt = f(thlugt)u

where f(X) is an analytical function and & is an IID noise. Note that the sample paths { X}, are
wniatialized by Xo. Assume that Xy is a realization of a stochastic process Z, Péi?m is the function
of the conditional distributions Pp(X|F;—1) where Fy_q := { X1, X0, , X1, 2,&0,&1,80, -+ , &t}
and the unconditional distribution P(Zs). The L-moment conditions for the sample (Xy,,- -+, Xy, )| Fo ~

po(X1, -+, X,|Fo) are given in Lemma 3.

Lemma 2. There exists the nonlinear operators A,_j, such that

r—1
N ~ r—1
E]PéOS) A Z] — E]P’é?s) M| Z] = rt Z<_1)k< L >EP(OS) [.Arka«X‘Z].

0,r—k:r
k=0

10



Therefore, Xy ~ Py (Xy|Fi—1) if and only if

r

-1
—1
r! (—1)k (T I )EP(OS) [.Arfk,,ﬂX’Z] =0, Vr>1,

0* r—k:r
k=0

where Z is Fo-measurable.
Proof. The proof follows from Lemma [l. O
Now we make assumptions about the DGP of X; and Z,:

Assumption 3. {X,;} and {Zs} are 1) strictly stationary and uniform mizing (¢-mizing) of size

—= for some r > 2 and 2) their miving coefficients satisfy

i m2¢?(m) < oo.
m=1

In addition, let {Xj..}’_; denotes an ordered random sample taken from the DGP of X;. The

conditional densities of the order statistics X ., are given in the following lemma;

Lemma 3. Supposing that the first part of Assumption [] holds, then we obtain

7! G—1 o T r—j
(j—l)!(r—j)!F (2| Fo)[1 — Fi(z|Fo)]

dF1($|.}t0)

r! i1
=Dl =g =Dl gt (@)

{Fy (29| Fo) — Fi(a|Fo) 2t

P{le:r € dry, Xjp.p € do,- -+, Xj,0 € dzxi| Fo}

{1 = Fy (] Fo) Y ow. HdFl(:mfo),

i=1

where Fy(z|Fo) = F(X1 = z|Fy).

Proof. We start with a lemma given in | (| |), who noted that a similar idea can be

traced back to | | (] ).

11



Lemma 4. If the random variable X; conditional on F;_1 has the continuous cumulative distribution

function (cdf) Fy(X¢|Fi—1). Then the random variables Uy = Fy(X¢|Fi—1) are IID uniform on (0,1).

We shall derive the bivariate conditional probability density for the ordered random sample

{Xj.r }i=1- The multivariate case can be shown similarly. First, define the bivariate random set

Aw) == lim {w €Q: {2 < X (W) St + 8}y < Xewlw) <y + 5y}}

z—0

0y—0

for 1 <m </ <randx<y. Weobtain

P{AW)|F} = lim Prob {{Xm_l,, <o} (W < X 40,3 {2 < Xpsrw < < Xoors < 9}

8y—0

m{y S XZ:T S ) + 53/} ﬂ{y + 5y S Xé—i—l:'r S XZ+2:T S e S Xr:r}}

.

= Prob ﬁ {F(Xp|Fr ) < F (ol Fr )y (F(XG, | P, ) € dF;, (2] F5, 1))

Jj=1
A

J

~
| exact 7 — 1 observations of {X+;}7_, are less than x

h 1B (2], 0) < F(X5 | F ) < B (| F - }ﬂ{F 71 Fr ) € dE, (Yl F, 1)}

Jj=m+1
.

~
£ —m — 1 observations of {X¢;}7_; are in [z, y]

ﬂ {F tz+1 ttz+1 1) = (y|"f;‘,g+1 1)} Fo ¢,
j=t+1

J/

'

exact 7 — £ observations are greater or equal to y

where fj is the true time of the order statistics X, in the random sample. Lemma []] and the strict

stationarity of X; (i.e. F(X{|Fi_1) = F(Xisr|Fiir_1)) yield

PA@)IR} = Prob { N0 < Fem) (W0, € dRGlA) () (RE1F) < U < RlR)

(U5, € dRi(yl 7o)} () {Ur, > Fl(y\fo)}} -

j=t+1

12



Since {U;j }i—, are 11D, the conventional argument for deriving bivariate probability densities for

IID order statistics can be applied. Therefore, we obtain the main results. [l

Lemma 5. Suppose that under the null hypothesis (Hy), X; has the cdf Fi(X¢|Fi—1) and the pdf

f1(Xi|Fi—1) then the operator A;,.X as given in Lemma [} can be written as

j—1 r—J } hXIF)

F(X|F) 1-F(X|R)

Aj7rX =1 + Xfl(X|f0) { fl(X‘fO)

Hence, the L-moment conditions can be written as

1
-1
r Z(_Uk(r )EP(Z> [Q(Zt)'E]p(OS) [Arfk,rX!Z}] =0V r>1,

k 0* r—k:r
k=0
where g(®) is any function in the totally revealing space as defined in | | 7793).
Remark 2.1. According to | | (T77]), the revealing functions g(e) for con-

structing consistent specification tests should be chosen in the class Hg := {h, : h.(z) = G(@'1), T €

R where T = (1,2)" and G is analytic. The exponential function exp{T T} as proposed by

| | (7990) is a special case.

By the same argument as | | ((077), in view of Lemma [ and r~* ZZ;E(—l)k(T?) =0,

the L-moment conditions given in Lemma [ can be represented as a probability weighed function

(PWF);

[ o2 [ {xinxenz e - pn) + 25D b oy harae, <o

(2.10)

13



where
T

* k k—l
Pr = Zpr,kF
k=0

T Fk
Fo= Zpiﬁcﬁ
k=0

with

v = Coe-n() ()
i - () ()
i = o (),
Supposing that we have samples of (X7, Z;) for s=1,...,T and t = 1,...,T, in view of [Tosking

([09]) the sample analogue of the L-moment condition in Lemma []is the standard U-statistics as

given by

My, = Ti () 22 “Z k(r_l)g(zsmk,r<XfT,c:T|Zs>,

where A, is defined in Lemma []; the inner sum is the sample estimate of L-moments for an
initial value Zy; and the outer sum is the sample estimate of the moment of g(Zj).

Moreover, the sample estimate of the L-moment condition based on the PWF is

N, = 7Y g(Z)T Y {XiT{fl (X2glZ.) [P2A(t/T) — B2, (4T)] + %P"**(tm}}-

Since it is straightforward to prove that | Mz, —Nz,.| = 0,(T"), the asymptotic distribution of the

statistics Mr, is similar to that of Ny, which can be derived by using the central limit theorem for

14



the weighted sum of functionals of the order statistics of weakly dependent data. Before deriving
the asymptotic distribution for Mz,., we are going to state Theorem [[.

Let €7 :=T"! Z;‘le Z]K:1 Pr;(t/T)h;(Xer) denotes the weighted sum of functionals of the order
statistics Xy.p. Let (a,0)” and (a,b)™ denote the minimum and the maximum of (a,b) respectively.

We begin with some further assumptions

Assumption 4. The functions hj, ¥V j =1,--- | K are absolutely continuous on (F~'(e), F~'(1—¢))
foralle >0, h; Vi=1,---,K enist a.s. and |h;| < Rj a.s., where R; V 5 =1,--- | K are reproduc-
ing U-shaped (or increasing) function. For a large T', |Pr ;| < ¢; with fol q(F)R;(X(F))p;(F)dF <
oo, where q(t,0) = K[t(1 —t)]'Y* v 0<0<1/2.

Assumption 5. |h;| < M;[(1—dF)]|=% for some generic constants M; and {|Pr;(0)|,|Pr,;(1)}* =

o(TY/?29),

Pr; — Pjas. (2.11)

e | Py (F)I(X € (F(1/T), (1= T) = PAR(X(F)AF — 0. (2.12)

Assumption 6. E[|g(Z)[>"+9) < co for some r > 2 and § > 0.

Theorem 1. Supposing that Assumptions [J-f] hold, then

T'V*(Tp — F) = N(0,0?),

o2 = / O(F(X).F(Y) Y2 Y {B(FX))PF () (X (Y)}F(X)dE(Y)

with o (F,G) := [(F(X),G(Y))"=F(X).G(Y)[+3_52,(F13 (X, Y) = F(X).G(Y))+2272, (F (Y, X) -
F(X).G(Y)), where Fy ;(X,Y) = Prob{X; =Y|X; = X}.

15



Proof. See Appendix. n

Now let’s define

T (X5 Z,
M = TS X;T{fl (Xerl2) [P6/T) = P2a(T) + NS ey <t/T>},
hZJ(X) = Xfl(X|Z), hZ72<X):Xf1(X|Z), and th3:X%‘

An application of Theorem [[] yields

Corollary 2. If the functions hy; (i=1,2, and 3), P’ ,, P, and P} satisfy Assumptions [J-{],
then

Tl/zmijpm — 20,,

where Wy ~ N(0,02(Z,)) and

~z) - [ 2o<F1<X|Zs>,F1<Y|zs>>{hz,1<X>P:1<F1<szs>>+hz,2P:*1<F1<X|ZS>>
N hz,gpzi*;(ﬂ(mzs))}{hz,1<Y>P:_1<F1<Y|zs>> e P (FAY|Z,)
; hz,sp:iﬁﬂ(wzs))}dF1<X|zs>dF1<Y|zs>.

Furthermore, supposing that E|o(Z)|?"9) < oo for some r > 2 and 6 > 0 and Assumption [] holds

we have

VM, = N(0,0™%) (2.13)

TN, = Ni(0,1)Ny(0,0"?) (2.14)

where N1(0,1) and Ny(0,0**?) are independent normal random variables; o** = EJQD(Z) (9(Z2)o(2));
and

0" = Blg*(21)0*(Z1)) +2 ), Elg(21)0(21)9(Z;)0(Z)).

Jj=2

16



Proof. The first part follows from Theorem [[. For the second part of the theorem, we first deal
with (ZZI3), i.e. the asymptotic distribution of TV?Ny, = T-' 31| ¢(Z,)T-1/?M,, .. Hence, by

the first part, we have
T

T2, — T~ g(Z,)2,| = 0,(1). (2.15)

s=1
Now, we need to derive the asymptotic distribution of 7! 25:1 9(Z)2W,. Since Tl/Q’ﬁ"T,m is
conditioned on the initialization process Z, and the variance of the limiting random variable 20,

depends on Z,, we have

T 9(Z)W(0,0%(2,) = 9(2)2(0,0%(2))dF(Z),

s=1 supp(Z)

which is a mixed normal distribution.

Moreover, Lemma [] asserts that 20 is independent of Z,, thus |, ) 9(Z2)25(0,02%(Z))dF (Z) 4

upp(Z

N(0,1) fsupp(z) 9(Z)o(Z)dF(Z) and Equation (PI3) follows. To prove Equation (FI7), note that

again by Lemma []

TN g(Z)2(0,0%(Z,) £ NO DT g(2)0(2,).

An application of the central limit theorem for stationary mixing process in | ([O%],

pp. 51) yields

T
T2 " 9(Z)o(Z,) = N2(0,0™)
t=1
O

By the same argument as Corollary ], we obtain the asymptotic multivariate distribution of the

multivariate L-statistics ‘JIITJV ={MNrq1, -, Nry, -+, N ks

Corollary 3.
TV, v = N(0,%), (2.16)
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where X* = {E’il, D YR 7Z7V,N}7 and

T’q’

Yo, = E%(z)[9<z)2r,q(z)}’

5u(2) = [ o(R(X12). A1Z)] b (X P AR(X12) + hzaP2\(F (X1 2)
n hz,sp:i*;<F1<X|Z>>}{hz,1<Y>P;_1<F1<Y|Z>> t hpaP (F(Y]2)

i hz,gpgimmzn}dF1<X|Z>dF1<Y|Z>.

2.3 Criterion Test Functions

2.3.1 Exponential revealing functions

In the light of Corollary [, we obtain the GMLM test;
M, =T 9, — *(N).

This suggests a standard GMM test as long as we can consistently estimate the dependence kernel

o(F1(X|Z), F1(Y|Z)) of the covariance matrix ¥*. We will come back to this issue in the next

section.

However, the GMM test is not feasible unless we know the functional form of the the revealing
function g(Z). A candidate function is the exponential function as suggested by the following

lemma;

Lemma 6 (Bicrend, [070, Lemma 1). Let v be a random variable or vector satisfying Elv| < oo
and let x be a bounded random vector in R¥ such that P{E[v|z] = 0} < 1. Then the set S = {t €

RF . Elv.exp{t'z}] = 0} has Lebesque measure zero.

The issue of choosing ¢ is discussed in Theorem 4 of | | ). That is, given a point

to € R¥, real numbers v > 0 and p € (0,1). Let t = argmaxteRkM\(t), where M signifies the
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substitution of ¥* in M with an estimate. Then ¢ can be chosen such that

~ ~ o~ —

7=ty if M(1) = M(to) < ~AT?; T=T1if M) — M(to) > T".

2.3.2 Indicator revealing functions

The exponential revealing function may not contain full information about Z which is Fy-measurable
in the conditional moment equation E[v|Z] = 0 since any function f rather than g can contain some

information about E[v|Z] = 0. The idea of using an indicator function to capture all information

about Z in the conditional moment equation is motivated by | | (] |)’s result

Ew|Z]=0=FEwl(Z <x)] =0, V x € supp(Z).
It is straightforward to see that the conditional expectation in Lemma [] can also be written as

-1
rt (—1)k (7’ I )EP(T) [1(T(Z) < I)EP(OS) [.Ar_k;TX|Z] =0,
0* r—k:r
0
where P(7) is the distribution of 7(Z) with the density 0P, and 7(Z) is a monotonic transformation
of Z into [0, 1]9™(%) (dim(Z) is the dimension of Z). Let’s define the statistics

T T
() =T"'7Y 0PV OK[UT(Z,) < 1) - P 0 S22y AN(Xpy, Z,),  (217)
t=1

] Nx1 Nx1 NxN Nx1

where A*<X£S:T7 ZS) = {AT(XfTv ZS)? T 7A;(XtS:T7 ZS>7 T 7A7V(XtS:T7 ZS)}7

h(Xirl Z,)

At z) = X2 ) - ERm] s fEE

P/

and
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is the martingale transformation proposed by | | ( ).

Since by Corollary [J, the term behind ® in (R.I7) converges to the multivariate normality. In

addition, an application of the central limit theorem for empirical processes yields

7723 9P 2 0 K[1(r(Z,) < ) - P,(r)] = Bl(x).

s=1

Thus, in view of Lemma []], we obtain
H(r) = B(z) © N(0,I),

where I is a diagonal unity matrix; B(7) ~ N(0,(7,7)”) is the Brownian sheet, and (a,b)”
denotes the minimum operations between all possible pairs of @ and b. Hence, we can define the

following statistics:

/

o~

M = sup 9 (T)H(1)
Ie[OJ]dim(Z)

!/

M= = / 9 (1)9(1)dr.
[Oyl]dim(z)

The main results can be summarized in the following theorem:

Theorem 4.

M* = sup [N'(0,I)® B'(z)B(r) ® N(0,I)].

T€[0,1]V

M = [N'(0,I) ® B'(t)B(1) ® N(0, I))dr.

0,117

2.3.3 Estimation of covariance matrices

As we can see, the tests are feasible if 0P, and 3(Z) can be estimated consistently. Since it is

trivial that 0P, can be estimated by nonparametric kernels which are shown to be consistent, we
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need to discuss the issue of estimating the covariance matrix 3(Z). Let’s define
A(X, Z) = hza(X)PIL (FU(X|Z)) + hz o P (Fo(X|Z)) + hzs P75 (FL(X] Z)).
We can define the estimator

1 T T A
= 75 2 2 O(R(Xi|Z), (X, 2) A7 (X0, 2) A (X, 2),

t=1 s=1

where
G(F(X|2), Fi(X.]2)) = [(Fi(Xi|Z), Fi(X,|Z))” — Fy(X)|Z)Fi(X,|2))
+ D [F(X, X, 2) - Fi(X)| 2)Fi(X.]Z)]
j=2
+ D (XL X0 Z) = Fi(X0|Z)Fi(X.|2))
j=2
Fy(X,Y|2) = F(Y|X)F(X|Z)
and
drdy
Flj(X|Y) fo fo p1] T @ oy (X is the monotonic transformation of X from R into [0, 1])

5" 5(@)

with the kernel estimates]

P 1 K 71— X, Tj — Xrtﬂ‘
Pg(T,75) = (T = )a(T — BT — j) &= f (a(T —J')) " ( (T - J) )

For the consistency of i(Z ), we make some assumptions:

! An alternative method for estimating a conditional distribution function is discussed in [Tall ot al] ([999). Their
approach is shown to suffer less bias than the Nadaraya-Watson estimators and produces distribution estimators that
always lie between 0 and 1.
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Assumption 7. The true density p(x) is continuously differentiable to integral order w > 1 on

[0,1] and sup,¢(o 1) [0"p(x)| < 00 V p with p < R.

Assumption 8. Fy;(X|Y) : [0,1]*> — [0,1] is continuously differentiable of order w + 2 with

SUD(3.4)ef0.1)2 | D" F1i(X[Y)] < 00 for every 0 <r <w + 2.

Assumption 9. The bandwidth parameters a(T'), b(T) and ¢(T) satisfy Crarr < a(T) < Chasr,
Dibyr < b(T) < Dobag and Ercip < ¢(T') < Escor respectively for some sequences of bounded pos-
itive constants {ay 7, b1, c1r}r>1 and {asr,bar, Cor}r>1 and some positive constants Cy, Ca, Dy,
Dy, Ey, E,. There ezists a sequence of positive constants ey — oo such that er/c(T)Y — oo,

er/a®(T — j) — 00, ep/b(T — j) — 00, and erTY?b(T — j) — oo.

Assumption 10 (Standard assumptions on the kernels). The kernel K satisfies (i) sup,epo 1 1K ()| <
oo, f[o,l] ’C($)d$ = 1, f[O,l} xﬂC(l’)d:ﬂ =0 Zf 1<r<w-1 and f[O,l] -TT]C($)d$ < 00 Zf?’ = w; (’LZ) iC

has a absolutely integrable Fourier transform, i.e. f[o 1 exp{it YK (x)dr < oo,
Assumption 11. sup g [|hzi(X, Z)||s < oo Vi=1,2,3.

Theorem 5. Under Assumptions [] and [H[], the estimate f)(Z) is consistent, i.e.

3(Z) = %(2).

Proof. As shown by | | ([007), Assumptions [, [1, B[] implies that

sup, [B(z) = pla)| = O;(T 27 (T) + Oy(e(T)).

Moreover, by replicating the proof in | | (| |), we can show that

el P13 (. y) = prj(z,y)| = Op(T 20T = j)) + Op(a®(T — 5)) + Op(b*(T — j)).
z,y)€[0,1]2
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Hence, we have

er' sup |p(z) —pla)| = op(1)
z€[0,1]
ert sup  |pri(z,y) — (e y)l = op(1).

(z,y)€[0,1]2

It follows that

/0 ﬁ(x)dx—/o plz)dx| < )Ze;l sup |p(x) — p(z)]

-1

€r
z€[0,1]
= 0P<1)a (218)
% 7 % 7 o
el / / P (. y)ddy — / / (e y)dady| < XVerd sup  |plany) — ple.y)
0 0 0 0 (z,y)€0,1]2
— o,(1). (2.19)

Equations (2.T9) and (P.T9) and the Slutsky lemma yield |ﬁ1j()?]}7) — F ()?, }7)\ = 0,(1). Thus,

[0(e,0) — (e, @) = 0p(1).

Since

T3 ) |[6(s,0) — o(e,0)| A (Xe, Z) A (X,, Z)]

S04l 2) = T0q(2)| <
t=1 s=1
< oup [Foe) = oo kTS 3 AT (X )47 (X, 2l
(t,s)€[1,T)2 Pl
T
< sup [[5(e,e) — oo, @)Ll A (X, 2T Y IELA (X, 2Z)]

(t,8)€[1,T)?

+ 202t = 8)| A Xy, Z)))o,

t,s=1

where the third inequality follows from Lemma F.

The dominated convergence theorem implies that: supy e 2 [[0(,®) — o(e,@)[]2 = 0,(1).
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Assumptions [ and [[1] imply that

T
T2 EMAT (Xies 2)] +26'2(t = )| A7 (X, Z) |2 < 00

t,s=1

Hence, the theorem follows. [l

2.4 Optimal Number of L-statistics

Because given a particular sample size T the test statistics M,, M*, and M*™ depends on the
number of L-statistics (V) implied by the Stein equation as given in Lemma [], the power functions
of the tests are sensitive to the choice of N. Hence, N can be chosen in a such way that the sample
size needed for the tests at a given level to have the power not less than a given bound at a point of
an alternative hypothesis is minimum. In this section, we apply the principle proposed by [Bahadi]
([900, [967) to infer the optimal number of the GMLM conditions used in our test statistics for
independent data.

Consider the problem of testing the hypothesis
Hy: (X,2) ~ Fy(X|2)
(i.e., the conditional distribution is Fy(X|Z)) against the alternative
Hy: (X, 2) ~ Ge(X|2)

(i.e., the conditional distribution is Gy(X|Z) for § € ©f]). Let My n(Fr) denotes a test statistic
depending on the empirical distribution of X for a given Z (Fr(X|Z)). My n(Fr) can be one of

the tests M,, M*, and M** as defined in Section .3 with the critical region given by

{Mr n(Fr) > ¢}, where c is some real number.

2limg_o0 Gy(X|Z) = Fy(X|Z) for nested hypotheses and Gy (X|2) # Fo(X|Z), V 6 € © for non-nested hypothe-
ses
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The power function of this test is the quantity P{9y n(Fr) > ¢} that varies with respect to the
sequence of alternatives Gy(X|Z), V8 € ©; and its size is P{OMrn(Fr) > c¢| Hp is true}. Let
P{’Jﬁ%’]\,(FT) > ¢} and P{’.mg?N(FT) > ¢} denotes the power function and the size of this test
respectively.

Now define for any § € (0, 1) a real sequence ¢y := cp(/3, ) which satisfies the double inequality
PG (Fr) > er} < § < P{MEN(Fr) = er).

Then
ar(B,60,N) = P{Mz'y > cr}

is the minimum size of the test 9y x for which the power at a point 6 € © is not less than 3. Thus,

it is clear that the positive number
Non(a, 3,0, N) := min{7 : ar(8,N) <« for all m > 7}

is the minimum sample size necessary for the test at a level « to attain the power not less than 3
at a point in the set of alternatives.

Suppose that the sample {X?, Z,}L | for s = 1,...,T are independent identically distributed
draws from a distribution for given contexts Z, under the alternative hypothesis. In other words,

the sampling scheme is done in two steps: 1) draw an IID sample {Z,}1_;; 2) for each Z,; draw an

1D sample of {X7}1 . | | ([901) shows that

2In(1/a)

Nim(aaﬁaea N) ~ Cgm((g N)a

(2.20)

where con(0, N) is the Bahadur exact slope of the sequence of the test My v (Fr).

The optimal choice of N is the positive integer that minimizes Nop(a, 3,6, N) or maximizes the
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Bahadur exact slope con(6, N), i.e.
N* = argmjsmxcm(é, N).

The Bahadur exact slope can be approximated by using the following theorem

Theorem 6 (] | (L9040, [967)). Let for a sequence {Mrn} the following two conditions be
fulfilled:

mGe, % b9, N) (2.21)

Jim T ' In P{M%y >t} = —k(t) (2.22)

for each t from an open interval I on which f is continuous and {b(0, N), 6 € ©} € I. Then

con(0, N) = 2k(b(0, N)).

The first part of Theorem ] (Equation R.21]) easily follows from the central limit theorem for L-

statistics. To derive the second part (Equation P.29), an application of the large deviations theorem

for functionals of empirical distributions as given in | | (] |) results
Jlim T ' In P{M;’y > a+ur} = —KL(Q, Fy), (2.23)

where Q, := {F € A;: szg ~(F) > a}; Ay is the space of conditional distribution functions on R;

upr — 0; KL(Q, P) is the Kullback-Leibler information distance defined as

In(92)dQ if Q is absolutely continuous with respect to P
KL(Q,P) = Jintip) '
400 Otherwise

and K L(Qg, Fo) = inf{KL(Q, Fy) : Q € Q,}. Keep in mind that K(&, P) = 400
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Now, we use the transformation Fy(X|Z) : R — [0,1] to map the domain of distribution

functions on the space A; on to [0, 1], i.e.,

QX[2) = QUF,'(1Z) =Q"(12)

dQ*(t) = q"(t)dt,

where [, ! is the inverse function of Fy. Let’s define the following quantities

where A = {ay,...,ax} is a K x dim(Z) vector (dim(Z) is the dimension of Z and a,Z = 1);

¢®)(t) is the k-th derivative of the standard normal c.d.f ¢(t) = (2¢)~' [ exp(—y?/2)dy; and

feold) = /[0 LA Ay

Fea(A) = /[0 A

fr2(AN) = {moe v (Q°(F, A)) — moo v (Go(t|12)) } dt,

[0,1]

where Mo N (F) = f[(),l] Moo (F(2))dt and Gy(t|Z) = Go(Fy (1) 2)).

In the light of Theorem [] and Equation P.23, we state the following theorem

Theorem 7. The optimal number of L-statistics is given by

N* = arg Kliinoo max|fio(A(N})), fro(A(N))],

where Ni and N are the floor and ceiling values of N* which is the unique solution to the following
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linear programming problem;

(KL) lim max m}vn) fxo(A)

K—oo N A(

s.t.
Klim fki(A) = 0
Jim fis(AN) > 0
Proof. See Appendix. O

An application of linear programming principle, the problem (KL) can be solved by the following

equation:
[ N feolA ) + M fea(Ar) + Aafica(A,N) — 0
o > 0
Ao < 0
Xofi2(A(N), N) =0
\ XO%fK,O(A\(N)a N) + X1%.]"31<,1(1‘T(]\7)) + X2%]‘31«,2(12(]\7)) =0

as K is sufficiently large.

3 Power Comparison by Simulation

In this section, we shall use the Monte Carlo approach to compare the powers and sizes in small
IID samples of the GMLM test M, and 1) the tests based empirical distribution: the Cramér-von

Mises statistics W2, the Watson statistics U?, the Anderson-Darling statistics A? (see e.g. Flcplicn]
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([077, [079)); 2) the tests based on likelihood ratio Zy, Z4 and Zs proposed by [Zhangd (E007);

1<t<T

- log(F(Xer))  log(l — F(Xer))
Za = _Z{ —t+1/2+ t—1/2 }

« - i)

Zx = max ((t—1/2)1og{jf};(—)1({:i)}+(T—t—l—1/2)10g{T(7;:2;j(—;g))}>

3) the tests based on conventional moments: the BM test and Kiefer & Salmon test ([Siclcr and
[od, [O59).

First, note that the IID version of the GMLM test M, has the following form:

M, = TN,

5
N = Ty tT{fm(XtT)[ (t/T) = Py (/7)) + LoD

e )P***(t/T)} Vr=1,...,N,

and 3 is an estimate of the covariance matrix of the vector of L-statistics T/ 2Ny, 1N, Since
there is always loss in the power or distortion in the size of tests in the case when the simulation
sizes are quite small, thus it is of limited practical value to use the exact asymptotic covariance

matrix as given in Corollary ff]. We shall rely on the exact bootstrap variance of the L-statistics

TV My, 3, as proposed by | | (PO00).

The sample sizes for simulation are 15, 20, 25, and 30. The significance level or the probability
of type I error for testing the goodness of fit is 0.05, at which level the critical values of the GMLM

test, the BM test and the KS test are taken from the table of the y? distribution. Meanwhile,

the critical values at the level of 0.05 of the tests W2, U?, A% are given in | | (] ]); and

the critical values at the 0.05 level of Zx, Z4, and Zo are computed with simulations of 1 million

replicates (see e.g. [Zliaig] (F007).)

3In the IID case, the covariance kernel o(F,G) = (F,G)~ — FG.
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3.1 Example 1: Hy, : {X,}, ~"P N(0,1) versus H; : {X,}, ~'P
0.5N(0,1) + 0.5/7N(0, 72)

The purpose of this experiment is to examine the performance of the tests for the null of nor-
mality when the true distribution deviates slightly from normality. The degree of divergence from
Normality is controlled by 7. Simulation results are reported in Tables 1a, 1b and 1c.

We assume that the underlying distribution is the standard normal under the null hypothesis.
The alternative hypothesis is a mixture of Gaussian. For the sample size of 15, the powers and
sizes of the BM and GMLM tests are almost similar; both of them outperform the tests based on
the empirical distribution. However, the latter has better size which is very close to theoretical size
that can be attained in a large sample. For the sample size of 25 and 30, the GMLM test does
outperform the BM and KS tests in term of the powers while the sizes are almost the same. In
general, the GMLM test performs better than the tests based on the empirical distribution and the

moments in this study.

3.2 Example 2: Hy: {X;}L, ~"P N(0,1) versus H, : {X;}, ~"P N(0,1)+
Bin(p)Poisson(u)

The purpose of this experiment is to examine how robust the tests under our consideration against
outliers in the data. The number of outliers in a sample is controlled by the binomial probability
p. Simulation results are reported in Tables 2a, 2b and 2c.

As before, we assume that the null hypothesis is Normality. Then we generate samples of mixed
normal-Poisson random variables with sizes 15, 20, 25, 30, and 50 respectively. The probability that
outliers appear in the samples is controlled by p and the magnitudes of outliers are determined by
i (the mean of Poisson distribution). For the case pp = 2 and p = 0.2, when the simulation size is
equal to 15 the highest power that the GMLM test can attain is 0.875 with 5 L-moments while the
highest powers are 0.61, 0.38, and 0.50 for the BM test, the KS test, and the Zs test respectively.

When p is set equal to 6, the powers of the GMLM test still dominates all the other tests. Note
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that the powers of the GMLM test, the KS test and the tests based on the empirical distribution
are very sensitive to p while the BM is not very sensitive to u; (the reason that the KS is very
sensitive to p is that the moments of Hermite polynomials which are extremely sensitive to outliers
are normalized by their asymptotic covariance matrix). This suggests that the tests based on the
empirical distribution especially the GMLM test are very robust in a small sample with outliers.
Moreover, as either the probability of jumps (p) or the sample size increases, in general the powers

of the tests converges to 1. However, the speed of convergence of the GMLM test is very fast.

Appendices

Proof of Theorem [I. Let & = F(X;); and since the functions of mixing random variables of
finite lags are mixing of the same size, thus & satisfies Assumption [ In view of /T = Fr(X.r)

we can rewrite € as

SN Pry(Fr(Xer) by (Xer) AFr(Xor)

t=1 j=1

Tr

Xi+1.T

@)
- ZZ/X PTJ FT XtT))hj(Xt:T)AFT(Xt:T)
t=1 j=1 t:T

- Z/_ " Pry(Pr(e))hy (@)dPr(a)

= Z/_ OoPT,j(UT(U))hj(Ffl(u))dUT(u)

where (2) follows because the range of X, is (—o0, +00); (3) follows because Ur(u) = = Zthl 1(¢ <
u) = Fr(F~'(u)). Let
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we have

Ir = TY*(%p-%)

= T3 [ (Pry(Un(w) = Piu)) h(F @)U

K 1

+ T1/2Z( /O 1 Pi(w)h(F~ (w))dUp(u) — / Pj(u)hj(Fl(u))du).

=1 0

By the mean value theorem, we have

Prj(Ur(u)) = Pj(u) = Pr;({Ur(u)) — Pr;(u) + Pr;(u) — P;(u)

= Pr;(Uz(w)(Ur —u) + Pr;(u) — Pj(u),
where Uj(u) = 0Ur(u) + (1 — 0)u and 6 € (0,1). Therefore I can be decomposed as
Ip =1Iry + o + It + Ivy + I755,
where
K 1
o= 30 / [P} w)h(F =" () Wi (wds + P () (P () ) AW ()
j=1"0
K n
Iy = Z/O W(F = (u))Wr(u)[Pr;(Uz(u)) — P;(u)|dUr (u)
j=1
K 1

Iy = TS / B(F () Wi () P () AW ()

T = 3 [ 1Prot) = P )W)
Iy = TY /0 (Pry(u) — Py (u)]h(F~ (u)du,
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where Wr(u) = TY?(Ur(u) — u). Assumption ] implies that
lim wh(F'(u)) = lim (1 —u)h(F~(u)) =0,

u—0+ u—s1—

after integration by parts we have

=173 S AW < i W)

In view of Assumption [J, by the central limit theorem for stationary mixing processes, we obtain

the limit distribution of I7; which is the main result of the theorem. Using the same argument as

[ | (] ), we can show that 79, I73, I74, and I75 converges to zero with probability
1. O
Lemma 7 (| |, [O%], Lemma 7.2.2). Let A be any event of positive probability.

Then

Shnt]
—_ <t<1 — : <t <1l
{\/ﬁ,o_t_ ‘A} {W(t); 0<t<1}
[nt]

This means that the sequence of conditional probability measures generated by the process S\/ﬁ given,

A, converges to the Wiener measure.

Lemma 8. If the process X, is uniform mizing with the coefficient ¢(h), then for given measurable
and bounded functions g1(X;) and g2(X:) such that ||g;(Xy)|l, < oo for i =1,2 and some q > 2 we

have

Elg1(X)g2(Xern)] < 1l91(X) |2 { Elg2(Xern)| + 26(R) 9 g2(Xesn)llq } -
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Proof.

Elgr(X)ge(Xea)] = B [Elgr(X)ge(Xean)| L]
< g (X Elga (K)ol
2 g (Xl {I1Blga(Xesn) |7 ] — Elga(Xeenlll + Bloa(Xi)]}
2 119 (X0 A Blga (X)) + 2600 ga (Xen) )

for ¢ > 2. The inequality (1) follows form the Cauchy-Schwartz inequality; the inequality (2) follows
from the Minskowski inequality; and the inequality (3) follows form Lemma 6.16 in Flinchcombd

[WIit] ((999) and Theorem 14.1 in | | (F007]) which asserts that the processes g;(X;),

V1= 1,2 are also mixing of the same sizes. O]

Proof of Theorem [7]. In view of Theorem [], the approximation of the Bahadur exact slope can
be done by solving the Kullback-Leibler entropy minimization problem as given in the RHS of

Equation P.23. Let’s rewrite this entropy minimization problem as
(KL-0) min/ q* In(q*)dt
 Joy
S.t.

/ gt)ydt = 1
[0.1]
/[ou{mm’N(Q*(t'Z))_‘“ooaN(Ge@IZ))}dt > 0.

The problem (KL-0) can be solved by setting up a Lagrangian equation—the optimization of this
equation gives rise to a nonlinear integral equation because mq, n(Q*(£|Z)) is a highly nonlinear
function of Q*(t|Z). Thus, it is difficult to solve or approximate the solution of this nonlinear

integral equation. We apply asymptotic expansions of the conditional distribution Q*(¢|Z) and its
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density ¢*(t|Z). Since

[(U<t)= lim iK:(_l)kgh(k)(t)Hk(U), (3.1)

where I(U < t) is an indicator function which is equal to 1 if U < t and 0 otherwise; Hy(U) is the
k-th order Hermite polynomial. Apply conditional expectation operations on both sides of Equation

B, we obtain

Q*(t|Z) = lim Z(_T

¢(t|Z) = lim Z(_l)kdﬁ(’““)(t)ﬂk(Z),

where px(Z) = Eg+[Hi(U)|Z]. Furthermore, suppose that the conditional expectation py can be
estimated with a linear regression (%) = a,.Z.

Since Q*(t|Z) can be approximated with a linear functional with the coefficient A or the function
Q°(t, A) as defined in Theorem []. It is clear that the problem (KL-0) can be approximated by the
problem (KL). O
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The GMLM test

Sample size is 15

Number of moments T
0.2 0.4 0.6 0.8 1
2 0.74 0.735 0.71 0.7 0.42
3 0.825 0.82 0.84 0.76 0.52
4 0.79 0.795 0.8 0.79 0.52
5 0.855 0.855 0.83 0.82 0.58
Sample size is 20
2 0.82 0.805 0.79 0.72 0.49
3 0.89 0.895 0.88 0.84 0.6
4 0.89 0.88 0.86 0.85 0.66
5 0.95 0.93 0.91 0.9 0.69
Sample sizeis 25
2 0.84 0.85 0.79 0.75 0.47
3 0.915 0.91 0.9 0.82 0.6
4 0.918 0.916 0.91 0.86 0.69
5 0.924 0.92 0.915 0.88 0.61
Sample size is 30
2 0.855 0.84 0.84 0.8 0.31
3 0.93 0.92 0.92 0.89 0.35
4 0.95 0.92 0.9 0.88 0.3
5 0.4

Table 1a: The power of the GMLM test under the null hypothesis of Normality
against the alternative hypothesis of the mixture of Normalities:
0.5N(0,1)+0.5/zN(0,7)



The tests based on empirical distribution

Sample sizeis 15

Statistics T
0.2 0.4 0.6 0.8 1
Cramer-von Mises

(W) 0.334 0.284 0.232 0.22 0.04
Watson (U) 0.398 0.32 0.262 0.236 0.036
Anderson-Darling (A) 0.428 0.35 0.298 0.282 0.046
Z 0.342 0.29 0.244 0.246 0.006

ZA 0.112 0.084 0.07 0.072 0
ZC 0.342 0.284 0.254 0.242 0.008

Sample size is 25
Cramer-von Mises

(W) 0.406 0.334 0.282 0.26 0.05
Watson (U) 0.462 0.376 0.308 0.266 0.048
Anderson-Darling (A)  0.494 0.414 0.356 0.334 0.048
ZK 0.426 0.362 0.336 0.296 0.012

ZA 0.116 0.09 0.074 0.082 0
ZC 0.408 0.364 0.326 0.29 0.006

Sample size is 50
Cramer-von Mises

(W) 0.536 0.418 0.368 0.328 0.046
Watson (U) 0.592 0.488 0.394 0.38 0.058
Anderson-Darling (A)  0.608 0.502 0.45 0.416 0.054
Z 0.598 0.532 0.482 0.418 0.014

ZA 0.132 0.104 0.078 0.08 0
/ 0.604 0.546 0.448 0.382 0.01

Table 1b: The powers of the tests based on the empirical distribution under
the null hypothesis of Normality against the alternative hypothesis of the
mixture of Normalities: 0.5N(0,1)+0.5/7N(0, 7)



The tests based on moments

Sample size is 15

Number of
moments T
0.2 0.4 0.6 0.8
BM KS BM KS BM KS BM KS BM KS
2 0.56 0.36 0.53 0.37 0.56 0.34 0.45 0.31 0.13 0.06
3 0.62 0.38 0.64 0.38 0.58 0.34 0.5 0.32 0.29 0.06
4 0.83 0.37 0.84 0.37 0.85 0.33 0.79 0.31 0.67 0.05
5 0.85 0.37 0.87 0.38 0.85 0.35 0.84 0.32 0.82 0.06
15 0.27 0.37 0.37 0.38 0.34 0.34 0.39 0.32 0.36 0.05
Sample size is 25
2 0.57 0.4 0.55 0.42 0.53 0.39 0.5 0.36 0.09 0.07
3 0.69 0.41 0.7 0.42 0.65 0.4 0.53 0.36 0.21 0.05
4 0.83 0.41 0.88 0.42 0.85 0.4 0.82 0.36 0.53 0.05
5 0.87 0.4 0.91 0.42 0.9 0.4 0.86 0.36 0.7 0.06
15 0.61 0.38 0.76 0.41 0.64 0.38 0.75 0.36 0.78 0.03
Sample size is 50
2 0.73 0.47 0.64 0.48 0.64 0.45 0.54 0.44 0.04 0.05
3 0.84 0.46 0.81 0.47 0.77 0.45 0.63 0.43 0.09 0.06
4 0.87 0.48 0.92 0.49 0.89 0.46 0.87 0.45 0.3 0.04
5 0.87 0.46 0.91 0.47 0.9 0.45 0.88 0.43 0.43 0.04
15 0.87 0.46 0.87 0.47 0.93 0.41 0.93 0.38 1 0.02

Table 1c: The powers of the Bontemps & Meddahi test and the Kiefer & Salmon test under the null hypothesis of Normality
against the alternative hypothesis of the mixture of Normalities:

0.5N(0,1)+0.5/ N (0, 7)



The GMLM test

Sample size is 15

Number of L moments p=0.2 p=0.4 p=0.6 p=0.8 p=0.95
u=2  p=6 p=2 p=6 p=2 p=6 p=2 p=6 p=2 p=6
2 0.775 0.95 0.94 0.995 0.96 1 0.97 1 1 1
3 0.815 0.965 0.94 1 0.99 1 0.97 1 1 1
4 0.865 0.97 0.97 0.995 0.97 1 0.98 1 1 1
5 0.875 0.98 0.975 1 0.97 1 0.98 1 1 1
Sample size is 20
2 0.84 0.985 0.975 1 1 1 1 1 1 1
3 0.87 0.99 0.985 1 1 1 1 1 1 1
4 0.91 0.995 0.99 1 1 1 1 1 1 1
5 0.915 0.99 0.99 1 1 1 1 1 1 1
Sample size is 25
2 0.9 1 0.981 1 1 1 1 1 1 1
3 0.915 1 1 1 1 1 1 1 1 1
4 0.945 1 1 1 1 1 1 1 1 1
5 0.96 1 1 1 1 1 1 1 1 1
Sample size is 30
2 0.96 0.98 0.991 1 1 1 1 1 1 1
3 0.97 0.99 1 1 1 1 1 1 1 1
4 0.98 1 1 1 1 1 1 1 1 1
5 0.99 1 1 1 1 1 1 1 1 1

Table 2a: The power of the GMLM test under the null hypothesis of Normality against the alternative hypothesis of the mixture
of Normality and Poisson jumps: N (0,1)+ Bin(p)Poi(u)



The tests based on the empirical distribution

Sample size is 15

Statistics p
0.2 0.4 0.6 0.8 0.95
p=2  p=6 p=2 p=6 p=2 p=6 p=2 p=6 p=2 p=
Cramer-von Mises (W) 0.188 0.272 0.454 0.736 0.766 0.962 0.95 1 0.99 1
Watson (U) 0.114 0.202 0.32 0.672 0.638 0.95 0.85 0.998 0.972 1
Anderson-Darling (A) 0.378 0.78 0.748 0.994 0.946 1 0.992 1 1 1
K 0.324 0.836 0.676  0.996 0.89 1 0.976 1 0.996 1
ZA 0 0 0 0 0 0 0 0 0 0
ZC 0.502 0.888 0.794 0.998 0.956 1 0.988 1 0.996 1
Sample size is 25
Cramer-von Mises (W) 0.268 0.408 0.7 0.914 0.944 1 0.994 1 1 1
Watson (U) 0.162 0.294 0.502 0.866 0.846 0.996 0.964 1 0.998 1
Anderson-Darling (A) 0.546 0.924 0.91 1 0.99 1 0.998 1 1 1
K 0.534 0.968 0.91 1 0.986 1 0.996 1 0.998 1
ZA 0 0 0 0 0 0 0 0 0 0
/ 0.69 0.982 0.95 1 0.992 1 0.998 1 1 1
C o
Sample size is 50

Cramer-von Mises (W) 0.422 0.694 0.936 1 1 1 1 1 1 1
Watson (U) 0.244 0.548 0.8 0.996 0.986 1 0.998 1 1 1
Anderson-Darling (A) 0.75 0.996 0.994 1 1 1 1 1 1 1
K 0.828 1 0.992 1 1 1 1 1 1 1
ZA 0 0 0 0 0 0 0 0 0 0
/. 0.898 1 1 1 1 1 1 1 1 1

Table 2b: The powers of the tests based on the empirical distribution under the null hypothesis of Normality against the

alternative hypothesis of the mixture of Normality and Poisson jumps:

N (0, 1) + Bin( p)Poi( )



The tests based on moments

Sample size is 15

Number
of C p=0.2 p=04 p=0.6 p=0.38 p=0.95
moments
BM KS BM KS BM KS BM KS BM KS
sz “:6 “;2 M:G sz “:6 M:Z “:6 M:Z u:6 M:Z H:G sz M:G sz H:G sz H:G M:Z H:G
2 0.17 0.18 0.58 0.88 0.3 0.46 0.85 099 057 087 0.95 1 0.84 097 0.96 1 0.92 1 0.98 1
3 0.25 0.24 0.57 0.89 027 0.38 0.85 099 051 074 0.95 1 0.72 096 0.96 1 0.9 1 0.98 1
4 0.4 0.36 0.58 0.88 044 034 084 099 052 066 0.95 1 0.67 086 0.96 1 0.83 1 0.98 1
5 0.61 0.51 0.57 0.88 062 0.39 0.83 099 069 054 0.96 1 0.78 0.83 0.96 1 0.88 1 0.98 1
15 0.35 0.29 0.57 0.88 041 0.4 0.8 099 047 041 0.96 1 0.46 046 0.96 1 05 043 0.98 1
Sample size is 25
2 0.16 0.27 0.76 1 051 0.85 0.97 1 0.86 1 1 1 0.98 1 1 1 1 1 1 1
3 0.14 0.26 0.74 1 0.4 0.78 0.97 1 0.79 1 1 1 0.99 1 1 1 1 1 1 1
4 0.3 0.26 0.74 1 0.49 0.6 0.97 1 0.79 0.98 1 1 0.93 1 1 1 0.99 1 1 1
5 0.53 0.41 0.74 1 0.6 0.62 0.97 1 0.71 0.94 1 1 0.89 1 1 1 0.99 1 1 1
15 0.84 0.8 0.74 1 0.9 0.68 0.95 1 0.91 0.8 1 1 091 0.75 1 1 0.83 0.86 1 1
Sample size is 50
2 0.35 0.78 0.96 1 0.92 1 1 1 0.99 1 1 1 1 1 1 1 1 1 1 1
3 0.26 0.67 0.96 1 0.89 1 1 1 0.99 1 1 1 1 1 1 1 1 1 1 1
4 0.34 0.54 0.95 1 0.86 0.99 1 1 1 1 1 1 1 1 1 1 1 1 1 1
5 0.43 0.56 0.95 1 0.81 1 1 1 0.97 1 1 1 1 1 1 1 1 1 1 1
15 1 0.92 0.95 1 1 0.98 1 1 1 0.98 1 1 1 0.97 1 1 1 0.98 1 1
Table 2c: The powers of the Bontemps & Meddahi test and the Kiefer & Salmon test under the null hypothesis of Normality against the alternative hypothesis of the mixture of

Normality and Poisson jumps:

N (0, 1) + Bin( p)Poi(x)
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